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 Abstract 
 
 
In this paper we investigate a class of semiparametric models for panel datasets 
where the cross-section and time dimensions are large. Our model contains a 
latent time series that is to be estimated and perhaps forecasted along with a 
nonparametric covariate effect. Our model is motivated by the need to be flexible 
with regard to functional form of covariate effects but also the need to be practical 
with regard to forecasting of time series effects. We propose estimation procedures 
based on local linear kernel smoothing; our estimators are all explicitly given. We 
establish the pointwise consistency and asymptotic normality of our estimators. We 
also show that the effects of estimating the latent time series can be ignored in 
certain cases. 
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g) = 1
J
J
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g) = E max
≤j≤J
|
g(Uj)− g(Uj)| ,
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Yi,t = αi + θt + g(Xi,t) + ui,t,
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% 
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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	 αi+  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θx = θ + A⊤Kx,h(IN −Wx,h)A− A⊤Kx,h(IN −Wx,h)Y ∗ ,
 Y ∗ = Y −Aθ 
 	 	 
	 	
Y ∗i,t = g(Xi,t) + σt(Xi,t)ǫi,t
= g(x) + g′(x)(Xi,t − x) +

g(Xi,t)− g(x)− g′(x)(Xi,t − x)

+ σt(Xi,t)ǫi,t.
<  (IN −Wx,h)Bx = 0
A⊤Kx,h(IN −Wx,h)Y ∗ = A⊤Kx,h(IN −Wx,h)

 −Bx

g(x)
g′(x)

+A⊤Kx,h(IN −Wx,h)u ?#$A

	  = (g(Xi,t)i,t+  ;	 	  	  
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 	 H
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
	I+ 7
H
/
T ∆
/
T (

θx − θ)
=

H
−/
T ∆
−/
T A
⊤Kx,h(IN −Wx,h)A∆−/T H−/T
−
H
−/
T ∆
−/
T A
⊤Kx,h(IN −Wx,h)

 −Bx

g(x)
g′(x)

+

H
−/
T ∆
−/
T A
⊤Kx,h(IN −Wx,h)A∆−/T H−/T
−
H−/T ∆
−/
T A
⊤Kx,h(IN −Wx,h)u.
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sup
x∈X
"""H−/T ∆−/T A⊤Kx,h(IN −Wx,h)A∆−/T H−/T −D(x)""" = op(1).
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# W  W = tr(W⊤W )/ .
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
sj,t(x) =
n
i
(Xi,t − x)j K

Xi,t − x
ht

, j ∈ , t = 1, . . . , T,

	 
  0 ?   L ?&''C7  =+CAA 		  nt → ∞  ht → 0 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ntht/ lognt →∞,
sj,t(x) = Nh
j  bjt λtft(x)

%j +OP (rN )

?#=A

	 rN = maxs,...,T (hs+

logns/(nshs)) 	 Op*	 
 
 
 x ∈ X + 	 		 %" *
	
 9$ % = 1  % = 0. 	 sj(x) =
	T
t sj,t(x)7 j ∈ +
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	T
t b

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	T
t b

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t
λtb

tft(x)%
∗
 (1 +O(rN)) .
%

 ?#@A  ?&'A 	 t	 	  	 	 A⊤Kx,hWx,h

 −Bx

g(x)
g′(x)



Nh%
g′′(x)
2
λtbtft(x)×
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%" 
 
%  
	 + !
 	 	 	 	 Zn =
(Zn, . . . , ZnT )
⊤, 
Znt =
1+
nt

σt (x)c

t (x)ω
(x)ft(x)dx
n
i
ct(Xi,t)ω(Xi,t)σt(Xi,t)ǫi,t t = 1, . . . T,

 F
	" "		
"  
	  B  
	
	" 
 
 	
.+ )	 
		
γ⊤H−T ∆
−/
T

A⊤Kx,h(IN −Wx,h)ω(x)dx× u = i⊤TΨ/γ Zn + op(1) D−→ N

0, i⊤TΨγiT

,
 Ψγ = diag{

σt (x)c

t (x)ω
(x)ft(x)dx}+ 8 i⊤TΨγiT D
T
t

σt (x)c

t (x)ω
(x)ft(x)dx = γ
⊤

C(x)Ψ(x)C(x)⊤ω(x)dx γ = γ⊤

(x)ω(x)dx γ
7 %" 	 */ 

H−T ∆
−/
T

A⊤Kx,h(IN −Wx,h)ω(x)dx× u D−→ N

0,

(x)ω(x)dx

 	 +
 +# # " 
	
βT (x) =
1
2
%
	T
t λtb

tft(x)	T
t λtbtft(x)
g′′(x).
#(
/  		
√
Nh

gˆ(x)− g(x)− hβT (x)

=
√
Nh

1 0

(B⊤x Kx,hBx)
−B⊤x Kx,h(Y −Aθ)− hβT (x)

−
√
Nh

1 0

(B⊤x Kx,hBx)
−B⊤x Kx,hA∆
−/
T ∆
/
T (θˆ − θ)
=
√
Nh

1 0

(B⊤x Kx,hBx)
−B⊤x Kx,h(Y −Aθ)− hβT (x)

+ oP (1)

 	 	  	 
 	
  ?#@A+ 	 		
1 0

(B⊤x Kx,hBx)
−B⊤x Kx,h(Y −Aθ)

 	   
 
 	
	  x %  	 
	 	 Y ∗i,t = g(Xi,t) +
σt(Xi,t)ǫi,t  	 
	 Xi,t+ / " 
	 	
 

1 0

(B⊤x Kx,hBx)
−B⊤x Kx,hY
∗ =

1 0

(B⊤x Kx,hBx)
−B⊤x Kx,hBx

g(x)
g′(x)

+

1 0

(B⊤x Kx,hBx)
−B⊤x Kx,h

 −Bx

g(x)
g′(x)

+

1 0

(B⊤x Kx,hBx)
−B⊤x Kx,hu
 ;	 	 
 g(x)+  ; 	  	  	 		 %" ?#=A
1 0

(B⊤x Kx,hBx)
− =
'
1
Nh
	T
 bsλsfs(x)
(1 +OP (rN ))
1
Nh
OP (rN )
(
.
!
 	
  ?&'A 	  	 %
Nh
	T
t λtb

tft(x)
g′′	x


%
Nh
	T
 bsλsfs(x)
(1 +OP (rN)) + h
(1 +OP (rN)) +OP

rN
Nh
Nh

=hβT (x) + oP (1/
√
Nh).
 ; 	 

1	T
s bsλsfs(x)
 1
Nh
T
t
n
i
K

Xi,t − x
h

σt(Xi,t)ǫi,t(1 +OP (rN)) +OP (rN/
√
Nh)
&'

 
 	 	 
 
"  	 % "		
"  
	  ' 


1
Nh
||K||
	T
s λsbsσ

s(x)fs(x)	T
s λsbsfs(x)
 .
 +# # " 
 
	 	 		 
 	 "		
 	*   C

rN = max
s,...,T
hs +
,
logns
nshs
= O

h+
,
logN
Nh

/ 
T
t
(θˆt − θt) =

(Y ∗)⊤(IN −Wx,h)Kx,hAω(x)dx

A⊤Kx,h(IN −Wx,h)Aω(x)dx
−
×

A⊤Kx,h(IN −Wx,h)Aω(x)dx
−
A⊤Kx,h(IN −Wx,h)Y ∗ω(x)dx

≤ 1
ζN

(Y ∗)⊤(IN −Wx,h)Kx,hAω(x)dx

A⊤Kx,h(IN −Wx,h)Y ∗ω(x)dx


ζN = inf
z z⊤z
z⊤

A⊤Kx,h(IN −Wx,h)Aω(x)dx z

 	 	 
 

A⊤Kx,h(IN −Wx,h)Aω(x)dx+ 
 " % %  % %"
ζN(x)ω(x)dx 
	
ζN(x) = inf
z z⊤z
z⊤A⊤Kx,h(IN −Wx,h)Az
	 	 
 
A⊤Kx,h(IN −Wx,h)A = ((x))− [(x) (x)]

s(x) s(x)
s(x) s(x)
− 
(x)
⊤
(x)
⊤

?&#A
&#
 (x)
⊤ = (s,(x), s,(x), . . . , s,T (x))  (x)
⊤ = (s,(x), s,(x), . . . , s,T (x))+ 87 
 	 %
z⊤A⊤Kx,h(IN −Wx,h)Az =
	T
t z

t s,t(x)  s(x)−
	T
t zts,t(x)

s(x)− s(x)/s(x)
+
T
t
zt s,t(x) 
s(x)

s(x)s(x)− s(x) ?&&A
+
2s(x)
	T
t zts,t(x)
	T
t zts,t(x)−
	T
t zts,t(x)

s(x)
s(x)s(x)− s(x)
"  '+  ;	 	  ?&&A " % *
		 

T
s
s,s(x)
	T
t z

t s,t(x)/
	T
s s,s(x)−
	T
t zts,t(x)/
	T
s s,s(x)

s(x)− s(x)/s(x)
+
s,(x)
s(x)− s(x)/s(x)
T
t
zt s,t(x)
 	 	 	7 	 ;	  
 *	
  	  " % %  % %"
s,(x)
s(x)− s(x)/s(x) mins,...,T s,s(x) =
Nh
T
bλ
∗
f(x)

T
	T
t btλ
∗
tft(x)
min
t,...,T
btλ
∗
tft(x)(1 +OP (rN))
  	  ?&&A 
 *	
 ?    	 	 ;	A  	 	
 	

  
(Nh/T OP (rN))Nh/T  (1 +OP (rN ))
Nh/T   (1 +OP (rN)) = OP (Nhr

N/T )
)	   		
T 
Nh
ζN ≥

bλ
∗
f(x)

T
	T
t btλ
∗
tft(x)
min
t,...,T
btλ
∗
tft(x)  ω(x)dx (1 +OP (rN )) +OP (rN)

 
 % "  ' %" 	
 9C7 947 #  &+    	  		
T
Nh
(Y ∗)⊤(IN −Wx,h)Kx,hAω(x)dx

T
Nh
A⊤Kx,h(IN −Wx,h)Y ∗ω(x)dx

?&CA
&&

 oP (1)+ !
 ?#$A 
	 G 	 %
T
Nh

A⊤Kx,h(IN −Wx,h)

 −Bx

g(x)
g′(x)

ω(x)dx
⊤
×

T
Nh

A⊤Kx,h(IN −Wx,h)

 −Bx

g(x)
g′(x)

ω(x)dx
 ?&$A
 
T
Nh

A⊤Kx,h(IN −Wx,h)uω(x)dx
⊤
T
Nh

A⊤Kx,h(IN −Wx,h)uω(x)dx

?&=A
9"
  &   		 	 tJ	 	  ;	 	  ?,,A ?	 H%
 	IA 
OP

nth

trN

 		 ?&$A 

OP

T 
	T
t(nth

t rN)

Nh

= OP

T h
T
t
nt
N

rN

= OP (Th
rN ) = oP (1)
  	 	 	

 	  	 ?,,A ?	 H
 	IA  
	

A⊤Kx,h(IN −Wh,x)uω(x)dxu =

C∗(x)

	n
i σ(Xi,)K

X−x
h

 ǫi,
+++	n
i σT (Xi,T )K

X−x
h

 ǫi,T
ω(x)dx
× (1 +OP (rN))
 C∗ = [0|IT−] − v
∗i⊤

 v
∗

7 
	 v∗ = (v∗s)
⊤
s,...,T  v
∗
s = λ
∗
sbsfs(x)  s = 1, . . . , T + )

	 
 	  	
 
	n
i σ(Xi,)K

X−x
h

 ǫi,
+++	n
i σT (Xi,T )K

X−x
h

 ǫi,T
ω(x)dx−

v∗
	T
t
	n
i σt(Xi,t)K

X−x
h

 ǫi,t	T
s v
∗
s
ω(x)dx
 
  	  .		
 '7 
	 G 	  		

T 
Nh
T
s


T
t
n
i
σt(Xi,t)ǫi,t

v∗s	T
s v
∗
s
K

Xi,t − x
ht

ω(x)dx

?&4A
 	 '+ 8 ?,,A " % %  :
T 
Nh
T
t


n
i
σt(Xi,t)

K

Xi,t − x
ht

ω(x)dx  ǫi,t

≤	
 T

Nh
 T
t
σt (x)
nt
N
ft(x)dx = O

T 
Nh


 	
 C7  ?&4A " % %  :
T 
Nh
T
s


T
t
n
i
σt(Xi,t)ǫi,t

v∗s	T
s v
∗
s
K

Xi,t − x
ht

ω(x)dx

≤	
 T
Nh
 T
t
σt (x)
nt
N
ft(x)dx = O

T
Nh

'#
M#N 97 <+ ?&''CA+  3	 	
+ . !

	" 7 .+
M&N 
7 + &''C+ )	
 	"  	    

+ .
	 (7 #C= K
#6#
MCN 
7 + &''$+ 	
	
 *	
  		
 	 
 		
"  	+
/
	  .
 7 #C6 K #@C+
M$N 
7 +7  + + &''&+ 3	

 	 %  	 
 .
	 	 +
.
	 (7 #(# K &&#+
M=N "7 +7 ++ 
	7  9+ 0 ?&''$A+ 

	   	
	
 	 	 
3
,	
	 	 3 "	+ 0  .  (7 4#C K 4=$+
M4N 	7 ++  7 + 3+ ?#((&A+ <
  	
 !+ 	
	"+ /
	  
%
	 		 %	 -(7 4=( * 46#+
M6N 7 5+  + 
	 ?&''&A+ 
	
 	
	
   	
	
*%  	
<   	0 	+  	
 
 /
	  .
	 (	+
&$
M@N  7 +  + 
 ?&''$A+  	
	
   	
   
	


 
 
	
 	 "
+ /
	   %
	 		 %	 ((7 6#'*
6&C+
M(N  7 +7 + 8  + 
 ?&''6A+ 9"
  
	
 	 
	 
	
 	
	

 
 	
+ /
	   %
	 		 %	 #'&7 4C&*4$#+
M#'N  7 +7  )+ 5
F% ?#((4A+ 	 1	 2 	 3 %	  
8+
M##N  7 +  O+ L ?&''CA+ 4	
  
 %	+ 
7 
+
M#&N   <++7 /+2+ 8E  + < ?&''6A+ 9 
	
 	   


	

	"  "
 /
	  (		 .
 $7 #@( K &#@
M#CN 87 +8+7 + 
  ++ 
 ?&''$A+  
 "
  
 
	  		
	
 
+ G 7 . !

	" &''$*/&=+
M#$N 8
7 + ?#(@4A+ 9"
   3	+ %
 !

	" 7 %
+
M#=N 7 3+/+ ?#(@4A+ 	
 	  
  %
+ 8%0 
	
7  &+ 7 P+ 5

  <+ )	

	+
M#4N 2"
B
7 + ?#((6A+ 	
	
    	  	
 + .
	 %$7
#CC= K #C4$
M#6N 
	7 ++  ++ 
7 #((=7 9 0 	  	
	
 		 	


 %  
 
		
7 *
!	 -7 (C K #''+
M#@N <7 +7 + 	7  3+ F	
 ?&''4A+ 	
 9
	
 <   

 
7 
	+
M#(N 7 <+8+ ?&''4A+ 	
	
  
 
  	  
	  	
	
 		 .
	 (7 (46 K #'#&+
M&'N 

+ +++7  8++ <+ #(((+ 
 
 

	 	"  		
" 
	+ .
	 %(7 #'=6 K ###C+
&=
M&#N 	7 + ?#((4A+ 	
 
 	
	
    .
%  3	 <+ 3
	
7 3		  
7 <)+
&4
